We explore the use of the Inverse Amplitude Method for unitarization of scattering amplitudes to derive the existence and properties of possible new heavy states associated with perturbative extensions of the electroweak breaking sector of the Standard Model starting from the low energy effective theory. We use a toy effective theory generated by integrating out a heavy singlet scalar and compare the pole mass and width of the unitarized amplitudes with those of the original model. Our results show that the Inverse Amplitude Method reproduces correctly the singlet mass up to factors of O(1-3), but its width is overestimated.
I = 0 and J = 0 channel exhibits a resonance, reproducing the singlet mass up to factors of O(1-3) even for relatively weak couplings. Its width, however, is systematically overestimated.
II. EFFECTIVE LAGRANGIAN FOR A HEAVY SINGLET HIGGS PORTAL
Our starting point is the SM scalar sector extended by a real singlet scalar field S
where Φ stands for the SM scalar doublet and
For simplicity, we have imposed a Z 2 symmetry to forbid linear and cubic terms in S. We concentrate on a scenario in which the S develops a vacuum expectation value (vev) v S . Presently, a new heavy scalar is allowed provided the ratio of the SM vev (v) to v S is small and the mixing between the mass eigenstates is small [22] . As we will show below, in order to conveniently parametrize the low energy effective Lagrangian it is easier to write the SM Higgs doublet as
where U is a function of the goldstone bosons ω i (x)
and τ i are the Pauli matrices. Therefore, we can write Eq. (1) as
In the regime in which S 1 is very heavy we can integrate it out and generate a low energy effective Lagrangian. Since H 1 is not a doublet field component, the corresponding effective Lagrangian cannot be expressed in terms of higher-dimension operators obtained in the linear representation of the electroweak symmetry breaking with a doublet scalar. As we will show below, it can, instead, be matched to an effective chiral Lagrangian with a light Higgs 1 .
We integrate out the S 1 field to obtain the tree-level effective action using the approach of Ref. [24] : the tree-level effective action is obtained by solving the equation of motion (EOM) and inserting the solution into the action. In order to do so we recast Eq. (5) in the mass basis as
with
∆L contains the non-quadratic terms H 1 S 
Replacing S 1 by S 1C in Eq. (13) one obtains
1 Alternatively if one integrates out the field S, ignoring the corrections due to mixing, one can match the resulting Lagrangian to an effective expansion in terms of higher-dimension operators involving the remaining doublet field Φ as is shown in the Appendix. 
where
and
We present in Table II the lowest non-zero order in v/M S1 coefficients defining the functions F in Eq. (19) . Within our approximation, the H 1 potential is given by
It is interesting to notice that the operators generated at order p 4 by the integration of S 1 modify the Higgs interactions with electroweak gauge-boson pairs (P c ) and quartic electroweak gauge-boson vertices (P 6 ), as well as introducing a rescaling of all Higgs couplings to SM particles (P H ).
III. WEAK GAUGE BOSON SCATTERING AND ITS UNITARIZATION USING THE INVERSE AMPLITUDE METHOD
The low energy effective Lagrangian in Eq. (17) implies a modification of the gauge boson scattering with respect to the SM expectation, leading to unitarity violation at high energies. In this respect, two of the operators generated are most relevant for this discussion: P C (h) and P 6 (h). P C (h) determines the H 1 couplings to gauge boson pairs, in particular the term in a C , leads to a correction to the contribution of the virtual H 1 exchange required for unitarity. P 6 (h), in particular the term in c 6 , gives a contact four gauge boson coupling 3 .
For example, the scattering amplitude at tree level for longitudinal gauge bosons is given by
where √ s is the center-of-mass energy. As we can see, the term associated with a C grows as s at high energy, while the one containing a 6 exhibits growth with s 2 , and hence lead to violation of partial wave unitarity.
The Inverse Amplitude Method (IAM) [4] is an approach, based on dispersion relations, that allows for the full unitarization of the partial wave amplitudes. The IAM was originally developed for chiral perturbation theory for mesons [5] [6] [7] [8] and it was also applied to the unitarization of the one-loop weak gauge boson scattering amplitudes without a light Higgs resonance [17] . Most recently IAM has been applied in the context of effective Lagrangians with a light Higgs [18] [19] [20] [21] , mostly with the aim of inferring information about the possible existence of heavier resonances associated with EWSB expected in composite models with a new strongly interacting sector. Let us briefly summarize this approach.
The rigorous derivation of the IAM is valid only for one or several channels of particle pairs all with equal masses [18] . In order to apply the IAM to the longitudinal electroweak gauge boson scattering one has to work in the isospin symmetry approximation, i.e. setting c w → 1 (M Z → M W ≡ M ). In this case if one defines the longitudinally polarized weak-gauge boson scattering amplitudes as:
one can construct the projected amplitudes (T I ) with isospin I as
Isospin symmetry relates the amplitudes in Eq. (23) as
Defining
2 )(1 + cos θ) with θ the scattering angle in the center of mass, we expand the isospin amplitudes in partial waves as:
where the P J (x) are the Legendre polynomials. Let us assume that we know the isospin partial wave amplitudes perturbatively as
where t
IJ and t (2) IJ are the leading order (LO) and next to leading order (NLO) contributions. Then the IAM approximation [4, 5] of the full amplitude is
which, by construction, satisfies the unitarity constraint. In general, one has to deal with the possibility of coupled channels [7] . For instance, in the case of chiral lagrangians applied to EWSB [18, 19] the processes W + L W − L → hh and hh → hh also contribute to the partial wave I = J = 0. In this case one can group the perturbatively expanded amplitudes in a matrix form as
H,0 t (2) HH,00
where we have introduced the isospin partial wave amplitudes t H,00 and t HH,00 corresponding to the processes W + L W − L → hh and hh → hh respectively. In brief if we define
whose projection in the I = 0 channel is
the relevant partial wave is t H,00 = 1 64π
And similarly t HH,00 is the corresponding partial wave amplitude for the hh → hh channel. The unitarized amplitude matrix in this case is [18] 
so the unitarized amplitude for the W W → W W channel is
H,00 t (0) 00
HH,00 −t
which clearly reduces to Eq. (27) if the amplitude of the mixed channel (t H,00 ) vanishes. Besides being a method for unitarization of the amplitudes, the combination of terms appearing in the denominator of the IAM amplitude allows for the possibility of having poles in the second Riemann sheet for some regions of the parameter space. When they are close enough to the physical region, those poles can be interpreted as resonances. An alternative approach [21] to identify these resonances appearing in the unitarized amplitudes is to search for values of the center-of-mass energy ( √ s pole ) for which the real part of the denominator of the IAM amplitude t
IAM IJ
vanishes, and then one identifies the mass of the resonance as M 2 R ≡ s pole . Expanding the amplitude near the pole as
one can also derive the value of the resonance width as
IV. RESULTS AND CONCLUSIONS
Next we apply the IAM to unitarize the gauge boson scattering amplitudes obtained in the effective Lagrangian derived for the heavy singlet Higgs portal model Eq. (17). We will then search for poles in the corresponding unitarized amplitudes and reconstruct the properties of the inferred "resonance(s)". In what follows we will focus on the lowest J partial wave amplitudes for each isospin channel, i.e. t 00 , t 11 , and t 20 .
Technically the mass and width of the "reconstructed" resonance are obtained by searching for poles in the denominator of t IAM IJ in Eq. (27) i.e. by solving
In principle for IJ = 00 we should consider the coupled channels, which, as discussed in the previous section, are relevant to the W W → W W scattering if t H,00 is not too small. For large s, t H,00 is proportional to
[19] and for the effective Lagrangian in Eq. (17) this coefficient takes the value
which is assumed to be small in the effective Lagrangian expansion. So the inclusion of the coupled channels represents a small correction which, for simplicity, we neglect in the following and we search for the resonances in the IJ = 00 channel as in Eq. (35) 4 . The effect of the W W → hh channel is, nevertheless, taken into account in the evaluation of Im t (see Eq. (37) below). 4 We have also verified that if we artificially set b C = a 2 C in our calculations the reconstructed value of mass and width found in the IJ = 00 channels are very similar to those obtained with the correct value.
In this work, we evaluate tree level amplitudes using FeynArts [31] with the anomalous Higgs interactions from the Lagrangian Eq. (17) introduced using FeynRules [32] and take the exact isospin limit. Our results agree with the expressions in the literature [20] in the corresponding limits.
In order to organize the perturbative expansion of the t IJ we follow the counting in terms of powers of p that is characteristic of chiral Lagrangians [33] . In this expansion the tree-level contributions from the Higgs anomalous couplings, a C − 2, and b C − 1, are counted as being part of t IJ we follow the approach of Ref. [21] and use the expressions obtained in Ref. [34] using the equivalence theorem [35, 36] and given in the approximation of massless external particles. The divergent part of these loops cancel against the renormalization of some of the tree-level couplings of the O(p 4 ) operators defined at some renormalization scale µ R . This is the case of c 6 which then at a scale s becomes
In our calculations we will take the renormalization scale as the mass of the heavy scalar µ R = M S1 . Thus when extrapolating the amplitudes to scales s ∼ M 2 S1 we can approximate c 6 (s) ≃ c 6 (M 2 S1 ) with c 6 (M 2 S1 ) given in Eq. (18) and in Table I 5 . The remaining finite part of the loop from both the SM and the anomalous values of a C and b C is included in t (2) as well. In order to estimate the uncertainty associated with the approximations used in the evaluation of this finite part we have performed our calculations both including and excluding the anomalous loop contribution. We will refer to these two calculations as O(p 4 )-1loop and O(p 4 )-tree respectively.
We first look for the presence of physical poles in the isospin amplitudes t IAM IJ (s) as a function of the relevant parameters of the effective Lagrangian: the coupling ratio ∆ and the mass scale M S1 which determine the values of all relevant anomalous couplings entering the W W → W W scattering, in particular a C , b C and c 6 . One must notice that for the simplified potential in Eq. (2) the condition that the electroweak breaking minimum is a global minimum sets an upper bound for ∆ < 4λ ≃ 0.6; see Ref. [12] for a recent analysis of the bounds with a more general potential. Nevertheless, in what follows, we will extend our study to larger values of ∆ to illustrate the results in stronger coupled scenarios.
We show in Fig. 1 00 ) as a function of s always possesses a zero for any value of ∆ and M S1 . In other words, the effective theory after unitarization by the IAM method is compatible with the presence of one possible physical scalar resonance in the zero-isospin channel and none in any other spin-isospin channels, which is in agreement with the original full theory that has a scalar S 1 state in the physical spectrum and no other heavy states.
For the sake of illustration, we also present in the upper panels of Fig. 1 the line corresponding to √ s = M S1 for comparison with the zero value contour which determines the position of the resonance s = M R . As seen in this figure, the larger the value of ∆ the closer the two lines, i.e. the reconstructed mass of the IAM resonance is closer to the real mass of the scalar of the full theory for stronger couplings. The results in the figure correspond to the O(p 4 )-1loop calculation, but the same qualitative results hold for the O(p 4 )-tree calculation.
We further quantify this comparison in Fig. 2 where the upper panels depict the ratio of the reconstructed scalar pole mass M R over the S 1 mass as a function of ∆ and M S1 for the O(p 4 )-1loop calculation (left upper panel) and O(p 4 )-tree calculation (right upper panel). As seen in these panels, the masses agree within a factor O(1 − 3), even for very small couplings independent of whether the approximate one-loop or tree amplitudes are included in the calculation.
In order to verify that the scalar pole found can be interpreted as a physical state we also compute its width as in Eq. (35) . For this we need to evaluate Im t using the equivalence theorem. However, since the 1-loop amplitude is only known approximately, we estimate the relevant imaginary part by perturbative application of the optical theorem
where p (p H ) is the modulus of the three-momentum of the gauge bosons (H 1 pairs) in the center of mass. We find that for all values of the model parameters ∆ and M S1 the reconstructed width is positive, so the interpretation of the amplitude pole as a physical scalar state with a mass relatively close to the real scalar mass M S1 holds. Notwithstanding, when compared with the perturbatively computed S 1 width in Eq. (11) we find that the reconstructed width is considerably larger as seen in the lower panels in Fig. 2 , particularly for the more weakly interacting scenarios. This is somehow not unexpected. The IAM method was built to unitarize strong interaction amplitudes for which the resonance-dominance approximation holds and the amplitude near the pole of a resonance is fully determined by the resonance mass and width. However, for weakly interacting scenarios, such as that used here for illustration, the violation of unitarity is relatively mild and the full amplitude, even near the new state, contains a non-negligible "continuous" contribution from the SM. So the factorization used in Eqs. (26) and (27) with the full SM contribution included in the reconstructed amplitude as part of the resonance amplitude does not seem to be optimum.
In summary, in this work we have explored the capability of the Inverse Amplitude Method for unitarization of scattering amplitudes to predict the properties of possible new heavy states associated with perturbative electroweak breaking extensions of the SM, using as a starting point the unitarity violating amplitudes of the low energy effective theory. We have used as a study case that of the singlet Higgs portal. First in Sec. II we derived the effective Lagrangian obtained after integrating out the heavier scalar while leaving the lighter scalar, a mixture of the doublet and singlet states. We showed that in this case the effective Lagrangian can be matched to that of a chiral expansion which we write up to O(p 4 ). With this effective Lagrangian in hand we obtained the relevant unitarity violating amplitudes. Working in the isospin approximation, we used the IAM method to reconstruct unitarized amplitudes and search for possible physical poles in these amplitudes. The results in Sec. IV show that only the unitarized spin scalar zero-isospin amplitude presents poles in the physical plane, in agreement with the full theory which has only one additional heavy scalar. We also find that the IAM reconstructs correctly the scalar singlet mass up to factors of O(1-3) even for relatively weak couplings. Nevertheless its width is systematically overestimated.
